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Abstract. Let C be an irreducible smooth complex projective curve, and let E be an 
algebraic vector bundle of rank r on C. Associated to E, there are vector bundles J-n{E) 
of rank nr on ^"(C), where S'"(C) is the n-th symmetric power of C. We prove the 
^jjj following: Let Ei and E2 be two semistable vector bundles on C, with genus(C) > 2. 

^ ■ If Tn{Ei) — ^n{E2) for a fixed n, then Ei ~ i?2. 



1. Introduction 

Let C be an irreducible smooth projective curve defined over the field of complex 
numbers. Let E he a. vector bundle of rank r on C. Let S'"'(C) be n-th symmetric power 
of C . Let qi (respectively, ^2) be the projection of S'^{C) x C to S'^{C) (respectively, C). 
Let A„ C 5'"(C) X C be the universal effective divisor of degree n. The direct image 

J-„(E) := gu(g2(i?)|Aj 

is a vector bundle of rank nr over S"'{C). These vector bundles J^n{E) are extensively 
studied (see [2], [3], [1], 0). 

Assume that genus(C) > 2. We prove the following (see Theorem I3.2p : 

Theorem 1.1. Let Ei and E2 be semistable vector bundles on C . If the two vector bundles 
J^n{Ei) and J^n{E2) on S'^{C) are isomorphic for a fixed n, then Ei is isomorphic to E2. 

2. PRELIMINARIES 

Fix an integer n > 2. Let Sn be the group of permutations of {1 , ■ ■ ■ ,n}. Given an 
irreducible smooth complex projective curve C, the group Sn acts on C", and the quotient 
S"'{C) := C"'/Sn is an irreducible smooth complex projective variety of dimension n. 

An effective divisor of degree n on C is a formal sum of the form ^21=1 ^i^i^ where Zi are 
points on C and rij are positive integers, such that X]i=i ^« ~ ^- The set of all effective 
divisors of degree n on C is naturally identified with S^{C). 

Let qi (respectively, ^2) be the projection of S"'{C) x C on to S^{C) (respectively, C). 
Define 

An := {{D,z) G ^"(C) X C I ZED} C 5"(C) x C. 

Then A„ is a smooth hypersurface on S"'{C) xC; it is called the universal effective divisor 
of degree n of C. The restriction of the projection qi to A„ is a finite morphism 

(2.1) q := gi|A„ : A„ — > S"(C) 
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of degree n. 

Let E he a, vector bundle on C of rank r. Define 

Tn{E) := qMm^.) 

to be the vector bundle on S^{C) of rank nr. 

The slope E is defined to be ^i{E) := degree(£^)/r. The vector bundle E is said to be 
semistable if fi{F) < ^{E) for every nonzero subbundle F of E. 

3. The reconstruction 
Henceforth, we assume that genus(C) > 2. 

We first consider the case oin = 2. The hypersurface A2 in S'^(C) x C can be identified 
with C X C. In fact the map {x, y) 1 — > [x + y, x) is an isomorphism from C x C to A2 
(cf. Let 

be the map in (12. ip . Under the above identification of A2 with C xC, the map q coincides 
with the quotient map 

(3.1) f : C xC S\C) = (C X C)/S2 . 
For 2 = 1,2, let 

Pi : CxC C 

be the projection to the i-th factor. The diagonal A C C x C is canonically isomorphic 
to C, and hence any vector bundle on C can also be thought of as a vector bundle on A. 
For a vector bundle E on C, we have the short exact sequence 

— > V{E) := tJ'iiE) ptE®p*2E ^ E 0, 

where / is defined in (13.11) . and q is the homomorphism defined by {u, v) 1 — > u — v (cf. 
[3]). Let 

0i : V{E) ^ pi{E), 2 = 1,2, 

be the restriction of the projection p\E (BP2E — > p*E to V{E) C p\E (BP2E. We have 
the following two exact sequences: 

(3.2) (P2^)(-A) := (p^E) ® Ocxc(-A) ^ ViE) p*E ^ 

(we are using the fact that the restriction of the line bundle Cc'xc(— A) to A is K/\ = Kc, 
where and Kc are the canonical line bundles of A and C respectively) and 

^ (K^)(-A) := {p*E)®Oc^ci-A) V{E) A ^ . 

Proposition 3.1. Let E and F be two semistable vector bundles on C such that J^2{E) — 
J^2{F). Then E is isomorphic to F . 

Proof. The restriction of the exact sequence in (13.21) to the diagonal A = C gives a short 
exact sequence of vector bundles on C: 

(3.3) — y E®Kc — > J\E) — > E — ^ 0, 

where Kc is the canonical bundle on C. Similarly we have a short exact sequence 

(3.4) — > F®Kc ^ J\F) ^ F 0. 
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Since J^2{,E) ~ J^2{F), we see that J^{E) ~ J^{F). As E (respectively, F) is semistable, 
and degree(-ft'c) > 0, the subbundle E®Kc (respectively, F®Kc) of J^{E) (respectively, 
J^{F)) in fl3.3p (respectively, (13 ■4p ) is the first term in the Harder-Narasimhan filtration 
of J^Ie) (respectively, J\F)). Since J^(E) ~ J\F), this implies that that E ^ F. □ 

Now we consider the general case of n > 3. 

Theorem 3.2. Let E and F he semistable vector bundles on C such that J^n{E) ^ J-'n{F). 
Then the vector bundle E is isomorphic to F. 

Proof. The universal effective divisor A„ C S'"'{C) x C of degree n can be identified with 
S"'^^{C) X C using the morphism 

/ : 5"-i(C) X C ^ A„ 

that sends any {D ,z) E S"'^^{C) x C to {D + z, z). The composition 

(3.5) 5"-^(C) X C ^ A„ ^ 5"(C) , 
where q is defined in (12. ip . will be denoted by q. We note that 

ME) = q.P2E, 
where p2 '■ S"'~^{C) x C — > C is the natural projection. 

Let /i : 5"-i(C) xC — Y 5"-i(C) is the natural projection. Let 

a : C xC ^ S''-\C) X C 

be the morphism defined by (x , y) \ — )■ ((n — l)x , y). Then the pullback (g o a)* (J^„ (£■)), 
where q is constructed in (13. 5p . fits in an exact sequence: 

(3.6) p\E<^Ocxc{-{n~l)^) (qoaYiME)) {ho a)* :Fn-i{E) 0, 

where /i is defined above. The above projection (go a)*{J-'n{E)) — > (/i o a)*J-'n-i{E) 
follows from the fact that fioa{z) C go a{z) for any z E C x C. 

Define the vector bundle 

r-\E) := ifoayiME))\A ^ A = C 

on the diagonal in C x C. Restricting the exact sequence in (13. 6p to A, we get a short 
exact sequence of vector bundles 

— y r-'^{E)®Kc r-^{E) —^E^O; 

note that J°(E) = E. 

Therefore, by induction on n, we get a filtration of subbundles of J"'~^{E) 

(3.7) = iy„ C Wn-i C ■■■ CW, cWo = r-\E) , 
such that Wj/Wj+i = E^K^UoraWj E [0,n-l]. In particular, Vr„_i = 

Since E is semistable, and degree(i^^c') > 0, we conclude that E (g) K^-' is semistable 
for all j E [0 , n — 1], and 
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for all j G [0 , — 2]. Consequently, the filtration of J^~^{E) in (13. 7p coincides with the 
Harder-Narasimhan filtration of J"'~^{E). In particular, the first term of the Harder- 
Narasimhan filtration (the maximal semistable subsheaf) of J^~^{E) is the subbundle 

Using this, and the fact that J^'-^E) ~ J^'-^E) (recall that J'„(E) ~ J^niE)), we 
conclude that E is isomorphic to -E = Wq/Wi. □ 
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